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Tsallis holographic dark energy in Fractal Universe
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We study the cosmological consequences of interacting Tsallis holographic dark energy model in
the framework of the fractal universe, in which, the Hubble radius is considered as the IR cut-off.
We drive the equation of state (EoS) parameter, deceleration parameter and the evolution equation
for the Tsallis holographic dark energy density parameter. Our study shows that this model can
describe the current accelerating Universe in both noninteracting and interacting scenarios, and also
a transition occurs from the deceleration phase to the accelerated phase, at the late time. Finally,
we check the compatibility of free parameters of the model with the latest observational results by
using the Pantheon supernovae data, eBOSS, 6df, BOSS DR12, CMB Planck 2015, Gamma-Ray
Burst.
I. INTRODUCTION
Since 1998 various observational data obviously sug-
gest a mysterious type of energy with negative pressure,
namely dark energy, is needed to describe the current ac-
celerated expansion of the Universe [1–9]. Many efforts
have been performed to study the dark energy while its
nature still remains unknown [10–16]. Energy of quan-
tum fields in vacuum, bounded by the holographic hy-
pothesis, is a pioneering candidate to model the dark
energy [17–20]. Due to the long range nature of grav-
ity, it has been proposed that the generalized entropy
formalism can be used to study the gravitational and
cosmological phenomena [21–36]. In this regard, a new
holographic dark energy model has been proposed by us-
ing the holographic hypothesis and the Tsallis entropy,
named Tsallis holographic dark energy (THDE) [37–44].
Much attempts including other generalized entropies can
be followed in [45–47].
THDE is proposed as [37]
ρD =
3
8pi
BL2δ−4, (1)
in which L denotes the IR cutoff, δ is a free parameter
and B is an unknown constant as usual. It is worthy
to mention that observations allow a mutual interaction
between the dark sectors of the cosmos including dark
energy and dark matter which can even solve the coin-
cidence problem [20, 48]. In this regard, it seems that
for a cosmos filled by a dark energy fluid with density
ρD and a dark matter component of ρm, the mutual in-
teraction Q = 3Hb2(ρD + ρm), where b
2 is a coupling
constant, is allowed which can even solve the coincidence
problem [49].
On the other hand, a fractal structure for the space-
time has been proposed [50–52], attracted a big deal of
study [53–58]. Also, it seems that the holographic dark
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energy models lead to interesting outcomes in the frac-
tal cosmology [59–63]. The action of Einstein gravity in
fractal spacetime is given by [51]
S =
∫
d4x
√−g
(R− ω∂µν∂µν
2κ2
+ Lm
)
, (2)
in which κ2 = 8piG, is the Einstein’s gravitational con-
stant, g, R and Lm are the Ricci curvature scalar, de-
terminant of the metric tensor gµν and matter part of
total Lagrangian density, respectively. The first Fried-
mann equation corresponding to the action (2) is then
obtained as [51]
H2 +H
ν˙
ν
− ω
6
ν˙2 =
1
3M2p
(ρm + ρD), (3)
where an overdot means derivative with respect to time,
H = a˙/a is the Hubble parameter, M−2p = 8piG is the
reduced Planck mass, ρ is the total energy density of the
fluid filling the cosmos. Additionally, ω is known as the
fractal parameter, and ν determines the fractal function
chosen in a power-law form as ν = a−β with β being a
positive constant [50–52].
Motivated by the above arguments, here, we are in-
terested in studying the evolution of a fractal Universe
filled by a dark matter and THDE for two cases includ-
ing i) whenever there is no interaction between cosmic
sectors, and ii) the interaction is present. To reach this
aim, we manage the article as follows: In the next sec-
tion we present some general features of our model. A
cosmography survey will be addressed in Sec. (III). The
statefinder diagnosis pair s − r constructs the backbone
of our analysis in Sec. (IV). In Sec. (V), using the re-
cent observational data sets (SN Ia + BAO + CMB +
OHD), we fit the relevant free parameters, by employing
the Markov-Chain-Monte Carlo (MCMC) method. The
last section is devoted to a summary and concluding re-
marks.
II. FRACTAL COSMOLOGY
We assume that there is mutual interaction between the
dark sectors of the fractal Universe, then the conservation
2equations for dark matter and dark energy are given by
ρ˙m + (3− β)Hρm = Q, (4)
ρ˙D + (1 + ωD)(3 − β)HρD = −Q, (5)
where wD = pD/ρD is the EoS parameter of the THDE
and ρm and ρD are the energy densities of dark matter
and dark energy, respectively. The quantity Q denotes
interaction between dark sectors. In fact, there are dif-
ferent choices for Q term in order to study the dynamics
of interacting DE models. In the recent work, the differ-
ent phenomenological linear and non-linear interaction
cases in the framework of the holographic Ricci dark en-
ergy model have been investigated and the results show
that the linear interaction Q = 3HbρD is the best case
among the others [65]. Accordingly, in the herein model,
we take Q = 3Hb2ρD as the interaction term, in which
b2 is a coupling constant.
Defining the critical density as ρcr = 3H
2/8pi (we set the
units so that G = c = ~ = 1) and the density parameters
Ωm =
ρm
ρcr
,
ΩD =
ρD
ρcr
,
γ = −β − β
2ω
6
(1 + z)2β , (6)
along with using Eq. (3), we get
Ωm +ΩD = 1 + γ, (7)
where 1 + z = a−1 being the redshift. Here we consider
the Hubble radius as the IR cutoff i.e., L = H−1, then
the energy density of THDE (1) reads
ρD =
3
8pi
BH4−2δ. (8)
Taking the time derivative of Eq. (8) and combining the
result with Eqs. (7) and (5) yields
ωD = −1− 3b
2
(3− β) +
2δ − 4
3− β
H˙
H2
. (9)
Next, we take the time derivative of Friedmann equation
(3), along with using Eqs. (8), (7) and (4), we get
H˙
H2
=
(3b2 − β + 3)ΩD + (β − 3)(1 + γ)− β
3ω
3 (1 + z)
2β
(2δ − 4)ΩD + 2(1− β)− β2ω3 (1 + z)2β
.
(10)
Moreover, the time derivative of Eq. (6) gives
Ω˙D = 2(1− δ)ΩD H˙
H2
. (11)
Inserting Eq. (10) into Eq. (11), the evolution of dimen-
sionless THDE density parameter can be written as
z
Ω
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Figure 1: The evolution of density of dark energy versus z.
According to the best fitted values listed in Table I, we have
taken H0 = 68.87, ΩD = 0.687, β = 0 · 123, δ = 1 · 36,
ω = 0 · 263 and some values of b2.
Ω′D =
Ω˙D
H
= ΩD(1 − δ)× (12)(
(3b2 − β + 3)ΩD + (β − 3)(1 + γ)− β
3ω
3 (1 + z)
2β
)
(δ − 2)ΩD − β2ω6 (1 + z)2β − β + 1
,
where the prime denotes derivative with respect to x =
ln a. In the limiting case β → 0, The evolution of ΩD
against the redshift z, according to the best fitted values
of free parameters (Table I), is plotted in Fig. 1. It can
be easily seen that at early Universe (z → ∞) we have
ΩD → 0, while at the late time (z → 0) we get ΩD → 1 .
Combining Eqs. (8), (5) and (10), one can obtain the EoS
parameter as
ωD = −1− 3b
2
(3− β) + (13)
(δ − 2)
(
(3b2 − β + 3)ΩD + (β − 3)(1 + γ)− β
3ω
3 (1 + z)
2β
)
(3− β)
(
(δ − 2)ΩD + 1− β − β2ω6 (1 + z)2β
) .
One can easily see that for β → 0, where the effects of
the fractal universe are negligible, the EoS parameter of
THDE in standard cosmology is recovered [37]. The evo-
lution of ωD(z) has been plotted in Fig. 2 for both inter-
acting and non-interacting cases. From this figure, it is
clear that the model can describe the current accelerated
universe even in the absence of an interaction between
two dark components, and the transition redshift from
the deceleration phase to an accelerated phase occurs
within the interval 0.5 < z < 0.9, which is in agreement
with the recent observations [90–92]. We also have, in
the non-interacting case (i.e., b2 = 0), ωD(z → 0) → −1
which means that THDE model in the fractal universe
emulates the cosmological constant while the interacting
3z
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Figure 2: The evolution of the EoS parameter ωD versus red-
shift parameter z. According to the best fitted values listed
in Table I, we have taken β = 0 · 123, δ = 1 · 36, ω = 0 · 263
and some values of b2.
THDE model can cross the phantom line (ωD < −1) at
the late time.
III. COSMOGRAPHY
The scale factor as the important component of study-
ing the kinematics of the Universe is accountable for the
dependency of spatial separation in cosmological crite-
rion. Expanding the scale factor by the use of Taylor
series in the proximity of the present time, one can write
a(t) =
∞∑
i=1
dia
k! dti
(t− t0)i + 1. (14)
According to the above definition of scale factor, three
terms of cosmography series can be expressed as follows
H(t) =
1
a
da
dt
, (15)
q(t) = − 1
aH2
d2a
dt2
= −1− H˙
H2
, (16)
j(t) = − 1
aH3
d3a
dt3
= q + 2q2 +
q˙
H
. (17)
Extending Eq. (14) to higher order terms, one can reach
the other parameters such as Snap parameter (s) for
i = 4, which is helpful to study the deviation of the
evolution of the Universe from the ΛCDM. In the present
work, we restrict the derivatives to i = 1, 2, 3, namely
as the Hubble parameter, the deceleration parameter
and the jerk parameter, respectively. The deceleration
parameter, i.e., the second derivative of the scale factor
with respect to cosmic time, makes it possible to check
the behavior of expansion of the Universe. Additionally,
the transition redshift zt (at which q(zt) = 0) can be
studied when the Universe switches over from the decel-
erating to accelerating era. The cosmic jerk parameter
j as the third derivative of the scale factor function
provides a comparison between different models of dark
energy and ΛCDM (j0 = 1). Hence, compared with the
negative values of the deceleration parameter, which
indicates an accelerating Universe, the positive values
of the jerk parameter show an accelerating rate of the
expansion.
Using Eqs. (16) and (10), the deceleration parameter can
be expressed as
q = −1 (18)
− (3b
2 − β + 3)ΩD + (β − 3)(1 + γ)− β
3ω
3 (1 + z)
2β
(2δ − 4)ΩD + 2(1− β) − β2ω3 (1 + z)2β
,
For the limiting case β → 0, the deceleration parameter
of THDE in standard cosmology is recovered [37]. Ac-
cording to the best values of the fitted parameters pre-
sented in Table I, the value of the deceleration parameter
at present time is q0 ≈ −0.55, for the interacting model
which is consistent with the obtained value of the deceler-
ation parameter by Planck (q0 = −0.55) [64] and demon-
strates an accelerating expansion of the current Universe.
The behavior of the deceleration parameter q versus red-
shift z is plotted numerically in Fig. 4. According to
Fig. 4 one may see that both models enter the accelerat-
ing era at z = 0.7 which is within the range z = (0.4, 0.8)
obtained by the recent observational works [66–70].
For the jerk parameter, by inserting Eq. (18) into Eq.
(17) and with help of Eqs. (10) and (12) we have
j = q + 2q2 − (19)[(
(3b2 − β + 3)Ω′D + (β − 1)β3ω(1 + z)2β
)
×
(
(2δ − 4)ΩD − β
2ω
3
(1 + z)2β + 2(1− β)
)
−
(
(2δ − 4)Ω′D +
2β3ω
3
(1 + z)2β
)
×
(
(3b2 − β + 3)ΩD + (β − 3)(1 + γ)− β
3ω
3
(1 + z)2β
)]
×
(
(2δ − 4)ΩD − β
2ω
3
(1 + z)2β + 2(1− β)
)−2
.
As it is mentioned, in comparison with the deceleration
parameter, the positive value of jerk parameter indicates
an accelerated expansion of the Universe. The behav-
ior of jerk parameter is plotted in Fig. (3). It is seen
that this parameter stays positive and tends to unity
at late time. According to the results of observational
4Figure 3: The evolution of the cosmic jerk parameter in terms
of redshift. According to the best fitted values listed in Table
I, we have taken β = 0 · 123, δ = 1 · 36, ω = 0 · 263 and some
values of b2.
studies, the value of the cosmic jerk parameter has a
weaker restriction compared to the deceleration parame-
ter −5 < j0 < 10. In this work, using the observational
data, we obtained the value of the cosmic jerk parameter
for both models at the time of observation j0 ≈ 0.69. It
is worthwhile to mention that the THDE model has a
tendency toward 1 or the ΛCDM model at the late time.
IV. THE STATEFINDER PAIR
Using the Hubble parameter for studying the evolution
of cosmic expansion (Eq. 10) and the deceleration pa-
rameter for surveying the rate of acceleration and decel-
eration of cosmic expansion (Eq. 18), we cannot clearly
discern various dark energy models using these two pa-
rameters once H > 0 or q < 0. Calling for more accurate
calculations regarding this issue and resulting from the
improvement of observational data during the recent two
decades, a new geometrical diagnostic pair for tracking
the dark energy models has been proposed [71, 72]. This
new pair letting us to specify the characteristics of dark
energy is called statefinder pair (r, s)
r =
...
a
aH3
= 1 +
H¨
H3
+ 3
H˙
H2
,
s =
r − 1
3
(
q − 12
) . (20)
In order to investigate the statefinder for NHDE in the
framework of fractal cosmology, we must obtain H¨
H3
.
Consequently we can calculate (s). Taking the time
z
q
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Figure 4: The evolution of deceleration parameter q versus
redshift parameter z. According to the best fitted values listed
in Table I, we have taken β = 0 · 123, δ = 1 · 36, ω = 0 · 263
and some values of b2.
derivative of both sides of Eq. (10) we get
H¨
H3
=
[(
(3b2 − β + 3)Ω′D + (β − 1)β3ω(1 + z)2β
)
×
(
(2δ − 4)ΩD + 2(1− β)− (β2ω
3
)(1 + z)2β
)
−
(
(2δ − 4)Ω′D +
2β3ω
3
(1 + z)2β
)
×
(
(3b2 − β + 3)ΩD + (β − 3)(1 + γ)− β
3ω
3
(1 + z)2β
)]
×
(
(2δ − 4)ΩD + 2(1− β)− (β2ω
3
)(1 + z)2β
)−2
+2
(
H˙
H2
)2
, (21)
in which Ω′D =
Ω˙D
H
. It can be seen that as the Universe
expands the value of parameter r increases for both in-
teracting and non-interacting models and stays smaller
than unity. The parameter s during the whole evolution
stays in positive region for both interacting and non-
interacting models. The fixed point (r, s) = (1, 0) rep-
resents the ΛCDM scenario. Tracing each case demon-
strates that interacting and non-interacting models have
the quintessence behavior (s > 0, r < 1). Furthermore,
the trajectories of both models meet the fixed point (1, 0)
indicating the evolution from quintessence to phantom-
like behavior as the Universe expands. The present value
of both interacting and non-interacting models roughly
5coincide each other and have the identical distance from
the ΛCDM fixed point. The results of statefinder for the
THDE model is an affirmation on the results of equation
of state (Eq. 9).
Figure 5: The evolution of parameter s in terms of parameter
r. According to the best fitted values listed in Table I, the
different parameter values β = 0 · 123, δ = 1 · 36, ω = 0 · 263
are adopted. The star symbol denotes the ΛCDM model and
dot symbols represent the present value of each model for
different values of coupling constant b2.
V. DATA SETS
In order to find the best values of the current model
we combine the latest observational data including SNIa,
BAO and CMB. For this purpose, we use the public
codes EMCEE [73] for performing the MCMC method
and GetDist Python package [93] to plot and analyze
the contours. This method also provides reliable error
estimates on the measured variables. For all analysis we
chose 550 iterations and 400 walkers to make a chain
with 22× 104 points.
A. TYPE IA SUPERNOVAE
As a large-scale investigator of the cosmic expansion,
observations of type Ia supernovae play an important role
to map the expansion history of the Universe. In this
work, we use 1048 data points of the recent proposed
Pantheon Supernovae project [74] comprising the redshift
range 0.01 < z < 2.3. We use the systematic covariance
Csys as
Cij,sys =
i∑
n=1
(
∂µi
∂Sn
)(
∂µj
∂Sn
)
(σSk) , (22)
in which the summation is performed over the n system-
atic components Sn and the related magnitude of error
σSn . According to △µ = µdata −M − µobs where M is
a nuisance parameter one may write the χ2 relation for
Pantheon SNIa data as
χ2Pantheon = △µT · C−1Pantheon · △µ. (23)
It should be noted that the CPantheon is the summation
of the systematic covariance and statistical matrix Dstat
having a diagonal component. The complete version
of full (1048 data points) and binned (40 data points)
Pantheon supernova data can be found in the online
source [94]. The binned data is a good approximation of
the full data but after implementing the MCMC method
the value of χdof for binned data is bigger than the full
data and shows the lower accuracy compared to the full
range of data.
B. GAMMA-RAY BURST
Similar to the SNIA data one can constrain the free pa-
rameters values using GRB by fitting the distance mod-
ulus µ(z). In this work we use 109 data of Gamma-Ray
Burst in the redshift range 0.3 < z < 8.1[75] embracing
the 50 low-z GRBs (z < 1.4) and high-z GRBs (z > 1.4).
The 70 data of GRBs are obtained from [76], 25 GRBs
are taken from[77] and the remains 14 GRBs data points
are extracted from [78]. The χ2 for GRB is given by
χ2GRB =
109∑
i=1
[µobs(zi)− µth(zi)]2
σ2(zi)
, (24)
in which the theoretical distance modulus µth(zi) can be
defined as
µth(zi) = 5log10Dl(zi) + µ0. (25)
where µ0 = 42.38 − 5log10h and h = H0/100 with unit
of km/s/Mpc and H0 is the value of Hubble parameter
(Hubble constant) at the present time or time of obser-
vation.
C. BARYON ACOUSTIC OSCILLATIONS
The baryon acoustic oscillations (BAO) are the large-
scale impression of oscillations in the early time plasma
and are strong standard ruler to measure the angular di-
ameter distance. In this paper, we combine the extended
Baryon Oscillation Spectroscopic Survey (eBOSS) quasar
clustering at z = 1.52 [79], isotropic BAO measurements
of 6dF survey at an effective redshift (z = 0.106) [80]
and the BOSS DR12 [81] including six data points of
Baryon Oscillations as the latest observational data for
BAO. The χ2BAO of BOSS DR12 may be express as
χ2BOSS DR12 = X
tC−1BAOX, (26)
6where X for six data points is
X =


DM (0.38)rs,fid
rs(zd)
− 1512.39
H(0.38)rs(zd)
rs(zd)
− 81.208
DM (0.51)rs,fid
rs(zd)
− 1975.22
H(0.51)rs(zd)
rs(zd)
− 90.9
DM (0.61)rs,fid
rs(zd)
− 2306.68
H(0.51)rs(zd)
rs(zd)
− 98.964


, (27)
and rs,fid =147.78 Mpc is the sound horizon of the fidu-
cial model, DM (z) = (1 + z)DA (z) is the comoving an-
gular diameter distance and CovBAO is the covariance
matrix [81]. One can define the sound horizon at the
decoupling time rs (zd) as
rs (zd) =
∫ ∞
zd
cs (z)
H (z)
dz, (28)
in which cs = 1/
√
3 (1 +Rb/ (1 + z)) is the sound speed
with Rb = 31500Ωbh
2 (2.726/2.7)
−4
. The total χ2 for all
baryonic acoustic oscillations data is
χ2BAO = χ
2
BOSS DR12 + χ
2
6dF + χ
2
eBOSS . (29)
D. COSMIC MICROWAVE BACKGROUND
We study the Cosmic Microwave Background (CMB)
to discover the expansion history of the Universe. For
this, we use the data of Planck 2015 [64]. The χ2CMB
function can be defined as
χ2CMB = qi − qdatai Cov−1CMB (qi, qj) , (30)
where q1 = R (z∗), q2 = lA (z∗) and q3 = ωb and CovCMB
is the covariance matrix [64]. The data of Planck 2015
are
qdata1 = 1.7382, q
data
2 = 301.63, q
data
3 = 0.02262. (31)
The acoustic scale lA is
lA =
3.14dL (z∗)
(1 + z) rs (z∗)
, (32)
in which rs (z∗) is the comoving sound horizon at the
drag epoch (z∗). The function of redshift at the drag
epoch is [82].
z∗ = 1048
[
1 + 0.00124
(
Ωbh
2
)−0.738] [
1 + g1
(
Ωmh
2
)g2]
,
(33)
where
g1 =
0.0783
(
Ωbh
2
)−0.238
1 + 39.5 (Ωbh2)
−0.763 , g2 =
0.560
1 + 21.1 (Ωbh2)
1.81 ,
(34)
The CMB shift parameter is [83]
R =
√
Ωm0
H0
c
rs (z∗) . (35)
As an optimum way of constraining the wide range of
dark energy models in this work we use the CMB data
which does not contain the full Planck information.
The data for BAO and CMB could be found in the
online source of latest version of MontePython [95]. Us-
ing minimized χ2min, we may constrain and obtain the
best-fit values of the free parameters
χ2min = χ
2
SNIa + χ
2
GRB + χ
2
CMB + χ
2
BAO. (36)
The best-fit values of H0, ΩD, δ, ω, β, b and M by con-
sideration of the 1σ confidence level are shown in Table
I.
Table I: The fitted values of cosmological parameters for the
interacting and non-interacting THDE model in the frame-
work of the fractal universe. For obtaining the values us-
ing MCMC method the Pantheon Supernovae data, BAO
(BOSS DR12, 6df, eBOSS), CMB Planck 2015 and Gamma-
Ray Burst data have been used. The χdof denotes the good-
ness of fit and could be obtained by the χ2/(n−N) which n
is the number of data points (here 1168) and N is the num-
ber of total free parameters (6 for non-interacting and 7 for
interacting THDE model).
Tsallis Holographic Dark Energy Model
Params NON − INTERACTING
H0 68.783
+0.961
−0.761
ΩD 0.687
+0.024
−0.028
δ 1.360+0.160−0.191
ω 0.201+0.029−0.029
β 0.123+0.059−0.063
b2 0.0423+0.02−0.02
M −19.375+0.023−0.019
χ2 1104.6409
Xdof 0.9514
The Hubble constant H0 as an important quantity
in cosmology for calculating the age and size of the
Universe corresponds to the Hubble parameter at the
present time or time of the observation. In this work,
by the use of the latest observational data we observe
that the obtained value for H0 for the THDE model
is in good agreement with latest obtained results for
Hubble parameter H0 = (67, 70)[64, 84–87]. We also
found that the measured value for the density of dark
energy has a good consistency with recent measured
value for this component [64, 87, 88]. For checking the
success of the models on fitting data we may calculate
the goodness of fit χdof , we may check the success
of the models on fitting data. The goodness of fit
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Figure 6: The contour map of the interacting Tsallis holo-
graphic dark energy model in the framework of the fractal
cosmology. In this figure H0 is the Hubble parameter, ΩD
is the density of dark energy, δ denotes the free parameter
related to the THDE model, β is the free parameter of power
law determining the fractal function, b is the coupling con-
stant from the interaction term, ω is the fractal parameter
and M is the nuisance parameter of Pantheon data. The best
fitted value of these parameters are listed in the Table I
can be explained as χ2/(n − N) in which n = 1168
and N represent the total number of data points and
free parameters respectively. The THDE model with
identical χdof is successful with the appropriate values
(less than 1). These results prove that the THDE
model in fractal cosmology has a good consistency
with the latest observational data and the additional in-
teraction term does not impose any problem to this issue.
VI. SUMMARY AND CONCLUDING
REMARKS
In this paper, we studied the Tsallis holographic
dark energy model with Hubble horizon as IR cutoff in
the framework of the flat fractal cosmology. We used
full SNIa Pantheon data, the extended Baryon Oscil-
lation Spectroscopic Survey, quasar clustering, 6df sur-
vey, BOSS DR12, Cosmic Microwave Background (CMB)
of Planck 2015, Gamma-Ray burst as the observational
data for constraining the free parameters of the model.
For obtaining the results we employed and modified the
Cosmo Hammer (EMCEE) Python package public code.
We found that the deceleration parameter for the THDE
model demonstrates a Universe with accelerating rate of
expansion and it can be seen that the THDE model en-
ters the accelerating era within the redshift z = (0.6, 0.8)
which shows a good compatibility with recent studies
0.5 < zt < 1.
The coupling constant b which has been measured as
a positive and small value conveys the decay of the dark
energy into dark matter. The r − s plane is plotted in
Fig. 5 where we observe that all trajectories for the
THDE model meet the ΛCDM fixed point (r, s) = (1, 0).
The statefinder trajectories indicate the quintessence be-
havior for both models (where s > 0, r < 1) and also
embracing the ΛCDM fixed point denotes the transition
from quintessence to phantom. This is consistent with
the results of the equation of state. Our results demon-
strated that the value of the Hubble constant is in range
H0 = (68, 70) having good agreement with the results
of recent works on observational data. We obtained the
coupling constant as a positive and small value indicat-
ing the possibilities of decaying the dark energy into the
dark matter.
It should be noted that for the deep understanding of
behavior of THDE in the fractal Universe, specifically the
interacting model, more investigations should be done.
Therefore, for the future works, we would like to study
the dynamical system methods to figure out the status
of the non-linear interactions in the late time within the
framework of the fractal universe. Another point is to
study the perturbation analysis compare to the gravita-
tional lenses and the Large Scale Structure.
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